Since compression members, such as columns in a multistory building, are mostly the key elements in a structure, even a small decrease in their load carrying capacity can lead to catastrophic failure of the structure. A compression member has to be designed to satisfy not only the strength and serviceability requirements, but also the stability requirements. In fact, the behavior of a slender column is mostly governed by the stability limit states. In an attempt to construct ever-stronger and ever-lighter structures, many engineers currently design slender high strength columns with variable cross sections and various end conditions. Even though buckling behavior of uniform columns with ideal boundary conditions have extensively been studied, there are limited studies in the literature on buckling analysis of nonuniform columns with elastic end restraints since such an analysis requires the solution of more complex differential equations for which it is usually impractical or sometimes even impossible to obtain exact solutions. This paper shows that variational iteration method (VIM) can successfully be used for this purpose. VIM results obtained for columns of constant cross sections, for which exact results are available in the literature, agree with the exact results perfectly, verifying the efficiency of VIM in the analysis of this special type of buckling problem. It is also shown that unlike exact solution procedures, variational iteration algorithms can easily be used even when the variation of column stiffness along its length and/or the end conditions are rather complex.
Introduction
Compression members subjected to uniform axial loads are commonly used in many engineering applications. Columns in a multistory building, for example, are the key structural elements which support the heavy weight of the structure. Even a small decrease in their load carrying capacity can lead to catastrophic failure of the structure. Compression members differ from tension members in that the design of the former has to consider not only the strength and serviceability requirements but also the stability requirements. In fact, the behavior of a slender column is mostly governed by the stability limit states. For this reason, many international design specifications include specific provisions on stability of compression members.
Since 1744, when the Swiss mathematician Leonhard Euler published his famous buckling formula, research on stability of slender columns has increasingly continued. This continuous interest on stability problems is based mainly on the desire of constructing "ever-stronger" and "ever-lighter" structures. This "optimum structure" approach has led most engineers to design columns with higher strength and lighter weight. Unfortunately, design engineers are lack of sufficient guidance on design of nonuniform columns since most of the provisions on compression members are developed for uniform columns. Okay et al. 2010; Pinarbasi 2011] , VIM is an effective and powerful technique that can successfully be used in the analysis of elastic stability of compression and flexural members with variable cross sections under different loading and boundary conditions. In this paper, this powerful technique is used to determine the buckling loads of slender columns with elastic end restraints. To the best knowledge of authors, exact solutions to this problem are available only for some particular cases of uniform columns. For this reason, before analyzing the columns with variable cross sections, the buckling loads of columns with constant cross sections are determined using classical variational iteration algorithm and VIM results are compared with the exact results. After verifying the efficiency of VIM in the analysis of this special type of buckling problem, stability of columns with variable flexural stiffness is studied. In the analyses, columns with two different types of stiffness variations along their lengths; linear and exponential variations, and with various end conditions are considered. Buckling loads obtained for these nonuniform columns are computed using classical variational iteration algorithm and compared with those obtained for uniform columns.
Elastic buckling of columns with elastic end restraints
General buckling equation and related boundary conditions. Consider an axially loaded column of variable flexural rigidity E I along its length L with elastic end restraints as shown in Figure 1 , left. Assume that the lateral displacement and rotation of the top end of the column are restrained, respectively, by an extensional spring with elastic spring constant α 0 and a rotational spring with elastic spring constant β 0 . Further assume that similar springs with spring constants α L and β L restrain the bottom end of the column.
Figure 1, middle, shows the buckled shape of such a column under a uniaxial load of P. In the figure, M A , M B and V show support reactions. As can be seen from that figure, the origin of x-y coordinate system is located at the top end of the column. The equilibrium equation at an arbitrary section of the Figure 1 . An axially loaded column with elastic end restraints. Left: undeformed shape. Middle: deformed (buckled) shape. Right: free body diagram for internal forces.
column can be written from the free body diagram shown in Figure 1 , right as
where w(x), or simply w, is the displacement component in y direction. Using the well-known momentcurvature relation
Equation (1) can be rewritten as
Differentiation of (3) with respect to x gives shear force in the column at any section:
Further differentiation of (4) with respect to x yields the governing equation of the buckling problem:
It is to be noted that the governing equation (5) is applicable to all columns regardless of their end conditions. Using (2) and (3), the boundary conditions at the top and bottom end of the column can be written as
and
Columns with constant stiffness. When flexural stiffness of the column does not change along its length, in other words, when E I (x) = E I , the governing equation (5) and the related boundary conditions (6) and (7) reduce to the simpler forms
For easier computations, these equations can be written in nondimensional form as
wherew = w/L andx = x/L, primes denote differentiation with respect tox, the normalized spring stiffnesses areβ
and the normalized critical load is
Since exact solutions are available in the literature for uniform columns and since these solutions correspond to limiting conditions for variable stiffness cases, before studying the buckling problems of nonuniform columns, the buckling loads of uniform columns are to be determined and compared with the exact solutions available in the literature.
Columns with variable stiffness.
Columns with linearly varying stiffness. When flexural stiffness of the column decrease along its length linearly, i.e., when
where b is a constant determining the "sharpness" of the stiffness change along the column length, the governing equation becomes
which can be written in nondimensionalized form as follows:
Similarly, the related boundary conditions can be expressed in nondimensional form:
Columns with exponentially varying stiffness. If the bending stiffness of the column changes exponentially along its length, i.e., if
where a is a positive constant determining the "sharpness" of the stiffness change, the governing equation
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Similarly, the related boundary conditions can be expressed in nondimensional form as
(w) +β L e a (w) = 0 and (w) − a(w) + λe
3. VIM formulations for the studied buckling problems
According to the variational iteration method (VIM) [He 1999 ], a general homogeneous nonlinear differential equation can be written in the form
where L is a linear operator and N is a nonlinear operator, and the "correction functional" is
In (27), λ(ξ ) is a general Lagrange multiplier that can be identified optimally via variational theory, w n is the n-th approximate solution andw n denotes a restricted variation, i.e., δw n = 0. As summarized in [He et al. 2010 ] for a fourth order differential equation such as the equations of the problem considered in this paper, λ(ξ ) equals to
The original variational iteration algorithm proposed in [He 1999 ] has the iteration formula
In a recent paper, He et al. [2010] proposed two additional variational iteration algorithms for solving various types of differential equations. These algorithms can be expressed as follows:
Thus, the three VIM iteration algorithms for (18), as an example, can be written as
Similar algorithms can easily be written for (11) and (23). In order to determine the most effective VIM algorithm to be used in the current study, one single case of a buckling equation (linearly varying stiffness case with b = 0.3) is solved using all three algorithms. Parallel to the findings of Pinarbasi [2011] , all iteration algorithms yield exactly the same results. For this reason, the classical VIM algorithm is decided to be used throughout the study.
Buckling loads for columns with elastic restraints
The general buckling problems formulated in Section 2 are specialized to three different end conditions shown in Figure 2 . In Case I (left), the bottom end of the column which is free to rotate (β L →0) is laterally restrained with an extensional spring (with α L ) while the top end of the column is fixed (α 0 → ∞, β 0 → ∞). Such a column can exist in a single story frame where the beam-to-column connections are simple shear connections. Case II (Figure 2 , middle) investigates an interior column in a multistory building whose lateral stiffness is provided by laterally stiff elements such as lateral bracings or reinforced concrete walls. In such a "sway-prevented structure", the relative lateral displacement of one end of the column with respect to the other end is so small that it is neglected. For this reason, in Case II, the stiffnesses of linear springs are assumed to approach infinity (α 0 → ∞, α L → ∞) while rotational spring stiffnesses (β 0 and β L ) are let have any value. In Case III (Figure 2 , right), the relative lateral displacement of one end of the column with respect to the other end is not small so it cannot be neglected. Such columns can be seen in a "sway-permitted" structure whose lateral stiffness is provided only by flexural stiffnesses of frame members. For simplicity, the lateral stiffness of the extensional spring at the top end of the column is taken zero, while rotational spring stiffnesses (β 0 and β L ) can have any value.
Columns with constant stiffness. The exact solution to the differential equation (11) has the form
The three cases (boundary conditions) studied in the paper. Case I: where C i (i=1,2,3,4) are evaluated from the related boundary conditions. In Case I, the boundary conditions are
By substituting (32) into these boundary conditions, four homogeneous equations are obtained. These equations can be put into matrix form:
where {C} = {C 1 C 2 C 3 C 4 } T . Thus, the problem reduces to an eigenvalue problem. For a nontrivial solution, the determinant of the coefficient matrix has to be zero. The smallest possible real root of the characteristic equation, which is obtained by equating the determinant of the coefficient matrix to zero, gives the nondimensional buckling load in the first buckling mode. For some particular values of α L , the exact values are calculated and plotted in Figure 3 , in a semilogarithmic scale. Even though the differential equation to be solved in this case is relatively simple, when the exact solution is tried to be obtained, finding the smallest root of the resulting characteristic equation which contains trigonometric functions can be somewhat difficult. It is observed that the result is very sensitive to the initial guess. So, one should be aware of that a couple of trials may be required to find the correct root of the characteristic equation.
The same problem is also studied using VIM. The initial approximation is selected as a third degree polynomial with four unknown coefficients A i (i=1,2,3,4):
Using the first iteration algorithm and conducting nine iterations,w 9 is obtained. Through substitution in the boundary conditions (33), four homogeneous equations are obtained. Similar to the exact solution procedure, by making the determinant of the coefficient matrix of these equations equal to zero, the characteristic equation for the related bucking problem is obtained. The roots of the characteristic equation give the normalized buckling loads. Since the characteristic equation is a polynomial, one can easily (17 iter compute its all roots. Selecting the smallest root is no more tedious. For comparison, VIM results are also plotted in Figure 3 , which shows perfect agreement with the exact results. For Case II and Case III, the characteristic equations of the buckling problems were derived by Wang et al. [2005] . They also tabulated exact results for some particular values of spring stiffnesses. In order to evaluate the efficiency of VIM, approximate solutions are obtained for the same values of spring stiffnesses using classical iteration algorithm and VIM results are compared with the exact results given in [Wang et al. 2005] in Tables 1 and 2 . The same initial approximation chosen in Case I, namely, Equation (35), is used also in these two cases. Normalized buckling loads are computed for two different number of iterations; nine and seventeen.
From (12) and (13), for uniform columns, the boundary conditions for Case II become
and the boundary conditions for Case III become
From Tables 1 and 2 , it can be seen that even the VIM results obtained with nine iterations are sufficiently close to the exact results. Still, by increasing the number of iterations, the exact results can be obtained even when spring stiffnesses converge infinity. One can see that only one result in Table 1 , shown in bold, does not match. This corresponds to the case when β 0 = β L = 20. Considering that all other results match perfectly, this discrepancy may be due to a misprint in the reference. A similar, but smaller, mismatch occurs in Table 2 , when β 0 = 10 and β L = 0. Figure 3 and Tables 1 and 2 clearly show that VIM is a powerful technique in predicting buckling loads of uniform columns with elastic restraints. The excellent match of VIM solutions with exact results also encourages the use of this practical technique in buckling problems of nonuniform columns, whose exact solutions are impractical or sometimes even impossible to derive.
Columns with variable stiffness. Although it is somewhat easy to derive closed form solutions for buckling problems of uniform columns, which has a fourth order homogenous differential equation with constant coefficients, it may be relatively difficult to obtain exact results for buckling of nonuniform columns. To the best knowledge of author, there are no such solutions available in the literature. For this reason, in this section of the paper, only the VIM results obtained using the classical VIM iteration algorithm will be presented.
Similar to the constant stiffness cases studied in the previous section, the iterations in variable stiffness cases are initiated with the simple approximation given in (35). To simplify the integration processes, the variable coefficients in the iteration integrals are expanded in series using nine terms and the normalized buckling loads are obtained from ninth approximate solution.
For each case illustrated in Figure 2 , the normalized buckling loads of columns with variable (linearly/exponentially varying) stiffness are computed using classical VIM iteration algorithm for various values of normalized spring stiffness(es) (i.e., for various values of α L for Case I and of β 0 and β L for Case II and Case III) and for various degrees of stiffness changes (i.e., for various values of b or a). The numerical results are presented in Tables 3 and 4 for Case I, Tables 5-10 for Case II, and Tables  11-16 for Case III. The tabulated results can be used directly by structural engineers designing columns with linearly or exponentially varying stiffness along their lengths restrained with nonclassical elastic end supports.
It can be valuable to investigate the effect of the degree of stiffness nonlinearity on buckling loads of nonuniform columns by plotting some representative graphs from the above tabulated results. In the following plots, four particular cases of linear (b={0, 0.3, 0.5, 0.7}) and exponential (a={0, 0.5, 1.0, 2.0}) stiffness changes are studied for each end conditions illustrated in Figure 2 . As can be inferred from Figure 4 , whose two parts plot the variation of bending stiffness of a column with the selected stiffness changes through its length, the cases for b=0 and a=0 actually correspond to the uniform stiffness cases. Figure 5 shows the variation of normalized buckling load with normalized linear spring stiffness for columns of variable stiffness with the end conditions considered in Case I. Recalling that the cases for b=0 and a=0 correspond to uniform columns, it can be seen from these graphs that as the sharpness of the stiffness variation (a or b) increases, the buckling load of the column decreases considerably especially if the spring stiffness is large. Figure 5 also shows that there is no need to increase the spring stiffness beyond a critical value because further increases will result in no change in buckling load. For a particular case, this "critical" value of the spring stiffness can easily be determined using VIM.
Figures 6 and 7 show the variation of normalized buckling load with normalized rotational spring stiffnesses for columns of, respectively, linearly and exponentially variable flexural stiffness with the boundary conditions considered in Case II. Similarly, Figures 8 and 9 show the effect of rotational spring stiffnesses on normalized buckling load for columns of, respectively, linearly and exponentially variable flexural stiffness with the boundary conditions considered in Case III. Comparison of the graphs presented in Figures 6 and 7 with those given in Figures 8 and 9 clearly shows the importance of the lateral bracing of the columns. Case II columns with lateral bracing have much larger elastic buckling loads compared to Case III columns which are free to displace in lateral direction.
Conclusions
In an attempt to construct ever-stronger and ever-lighter structures, many engineers currently design slender high strength columns with variable cross sections and various end conditions. Even though buckling behavior of uniform columns with ideal boundary conditions are extensively studied, there are limited studies in the literature on buckling analysis of nonuniform columns with elastic end restraints. This is due to the fact that such an analysis requires the solution of more complex differential equations for which it is usually impractical or sometimes even impossible to obtain exact solutions. Figure 9 . Case III -variation of normalized buckling load with normalized rotational spring stiffnesses for columns with exponentially varying stiffness.
This paper shows that the variational iteration method (VIM) can successfully be used to determine the buckling loads of slender columns with elastic end restraints. To the best knowledge of author, exact solutions to this problem are available only for some particular cases of uniform columns. For this reason, before analyzing the columns with variable cross sections, the buckling loads of columns with constant cross sections are determined using classical variational iteration algorithm and VIM results are compared to the exact results, which show perfect match. After verifying the efficiency of VIM in the analysis of this special type of buckling problem, the columns with variable flexural stiffness are analyzed using this practical technique. It is shown that unlike exact solution procedures, variational iteration algorithms can easily be used even when the column stiffness change along its length exponentially or linearly and/or the end conditions are rather complex.
